
An Estimation Method of the Kinetic Rates of 

Transcription Initiation by Eσ
70

 and Eσ
38

 from 

Measurements of Individual RNA Productions 
 

Huy Tran and Andre S. Ribeiro 
Laboratory Biosystem Dynamics/Department of Signal Processing/Tampere University of Technology, Tampere, 

Finland 

Email: huy.tran@tut.fi 

 

 

 
Abstract—One of the global regulators of transcription 

dynamics in Escherichia coli is the intracellular population 

of σ factors, due to their role in gene selection for 

transcription. It is unknown to which degree σ factors affect 

the dynamics of transcription initiation, following the 

binding between the RNAP holoenzyme (Eσ) and the 

promoter, and the closed complex formation. Proposed here 

is a new method to study the kinetics of the underlying steps 

in transcription initiation from time-lapse imaging of 

transcription events at the single RNA level in live cells. 

Namely, assuming a promoter that can be transcribed by 

Eσ70 or Eσ38, the researchers make use of in silico data from 

a stochastic model of transcription dynamics of that 

promoter, to show that the method estimates consistently 

and effectively the kinetics rates of closed and open complex 

formation by Eσ70 and Eσ38. In the end, the necessary 

measurement procedures for acquiring the data needed to 

apply this new methodology are described. 

 

Index Terms—gene expression, computational biology, 

single molecule, in vivo 

 

I. INTRODUCTION 

Escherichia coli can implement different gene 

expression profiles to cope with different stress 

conditions. One of the global regulators of gene 

expression is the intracellular population of σ factors. In 

normal growth conditions, most RNA polymerase core 

enzymes (E) are bound by the house-keeping σ factor, σ
70

 

[1], to form holoenzymes (Eσ
70

), which only allow the 

expression of genes whose promoter region is recognized 

by σ
70

. Meanwhile, in the stationary growth phase, the 

number of stress-responding σ
38

 sub-units increases, 

enhancing the competition with σ
70

 for the limited pool of 

E [2], thus altering the distribution of the holoenzymes 

(Eσ) carrying each factor [3]. This change induces the 

expression of genes recognized by σ
38

 and hinders the 

expression of the remaining genes [4]-[7]. 

Despite the only known role of σ factors being to aid E 

to find specific sequences at the promoter regions [8], it is 

also known that they remain bound to E during the whole 

transcription initiation process and are only released 

stochastically after the start of transcription elongation [9], 
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[10]. It is unknown, whether σ factors, while present in 

the RNA polymerase - promoter complex, affect 

significantly the dynamics of transcription initiation, 

following the closed complex formation. 

An in vivo study of the role of σ factors on 

transcription initiation kinetics is expected to face 

challenges. First, it is not possible to observe 

transcription dynamics in vivo in the absence of σ
70

 or 

when overexpressing other σ factors to levels that would 

silence house-keeping genes. Second, to properly 

compare the dynamics of transcription as a function of 

the σ factor, one needs target promoters that can be 

transcribed, with comparable probabilities, by Eσ 

carrying different σ factors. Finally, altering σ factors 

numbers may lead to intracellular changes that will 

indirectly also affect the kinetics of transcription. 

Here, we propose a method to study the in vivo 

dynamics of the underlying steps of transcription 

initiation when performed by Eσ carrying two different σ 

factors, namely σ
70

 and σ
38

. In particular, we aim to 

quantify how fast Eσ finds and binds to the target 

promoter (i.e. the closed complex formation) and the 

average time of the open complex formation as function 

of the σ factor it carries. For that, we implement a 

stochastic model of single gene expression dynamics in 

the presence of both Eσ
70

 and Eσ
38

 and then present a 

method to estimate the kinetic rates of transcription 

initiation of the model from the measured distributions of 

time intervals between consecutive transcription events in 

individual, in different conditions. The data provided by 

the model mimics data that is possible to acquire using a 

well-known RNA fluorescence tagging method (the 

MS2d-GFP tagging method system [11]), which has been 

used recently to study the in vivo kinetics of transcription 

initiation of several promoters in E. coli has a function of 

induction scheme, temperature, stress conditions [12]-

[15]. 

II. METHODS 

A. Full-Sized Camera-Ready (CR) Copy Model of 

Transcription Assuming Two Functional σ Factors 

We follow the modeling strategy of transcription 

described in [12], [14], [16], [17], which was based on 
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previous in vitro measurements of transcription kinetics 

[18], [19] and has been recently validated by in vivo 

measurements [12]-[14]. We model transcription 

performed by each of the two types of holoenzyme 

considered (Eσ
70

 and Eσ
38

) as a two rate-limiting step 

process as follow (1-4):  

70
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Reaction (1) and (2) model the binding of Eσ (Eσ
70

 and 

Eσ
38

 respectively) to the promoter region (Pr) to form the 

closed complex (Prcc70 and Prcc38). P(Eσ
70

) and P(Eσ
38

) 

are the probabilities that E is bound by σ
70

 and σ
38 

respectively. Meanwhile, ind, which can take values 

ranging from 0 to 1, is the promoter’s induction level, 

which can be regulated by varying external inducer 

concentrations. 

We assume that only the duration of the closed 

complex formation is affected by the inducer level (as in 

the case of lac promoters induced by IPTG [14], [20]). 

Note that, since Eσ and the target promoter’s repressors 

exist in cells in high copy numbers [2], [20], and given 

their fast association/disassociation to the promoter 

region [21], [22] when compared to the rate-limiting steps 

in transcription initiation [12]-[14], their numbers should 

only affect the mean rate of closed complex formation 

and therefore can be accounted for in the values of 

P(Eσ
70

), P(Eσ
38

) and ind. Finally, kcc70 and kcc38 are the 

rates of closed complex formation when the promoter is 

fully induced (ind=1) and the holoenzymes are mostly 

bound by one of the two σ factors (P(Eσ
70

)=1 while 

P(Eσ
38

)=0 and P(Eσ
70

)=1 while P(Eσ
38

)=1, respectively). 

Reaction (3) and (4) describe the formation of open 

complex (Proc70 or Proc38) at the rates koc70 and koc38, 

respectively. The open complex is quickly followed by 

promoter escape (and return of the promoter to the 

primary state, Pr) and transcription elongation [23], [24]. 

The latter process ends with the release of a complete 

RNA. Elongation, being of the order of tenths of seconds 

[23], is assumed to be instantaneous, since initiation is of 

the order of 10
2
-10

3
 seconds [11]-[13]. 

We assume that, in the conditions tested, other σ 

factors exist in cells only in small copy number [3] and 

therefore occupy a negligible proportion of Eσ. Therefore: 

38 70( ) 1 ( )P E P E  
                   

(5) 

Meanwhile, from reaction (1) and (2), the rate of 

closed complex formation, regardless of the σ factor 

present in the transcribing Eσ, is given by: 

70 38
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(6) 

Once a closed complex is formed, the probability that 

the transcribing Eσ is Eσ
70

 or Eσ
38

 is given by, 

respectively: 
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Finally, the distribution of time intervals between RNA 

releases (Δt) is given by: 

cc oct t t  
                                

(9) 

where tcc and toc are the combined distributions of the 

durations of closed complex and open complex 

formations by Eσ
70

 and Eσ
38

. The probability distributions 

of tcc and toc are given by (10) and (11), respectively: 

.
( ) . cc
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k t
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From (7), (8), (9), (10), and (11), with kcc70, kcc38, koc70, 

and koc38 being promoter specific, it is possible to 

calculate the distribution of time intervals between 

transcription events for each pair of values of P(Eσ
70

) and 

ind. 

Here, given the set of experimental procedures 

assumed, we make use of the fact that the value of P(Eσ
70

) 

depends on the host strain (e.g whether the gene encoding 

σ
38

 is deleted or not [25]) and the growth phase of the 

cells (i.e. whether cells are in the exponential or in the 

stationary growth phase [3]). 

B. Inference on the Kinetic Parameters of Transcription 

Initiation 

1) Kinetic rates of transcription by Eσ
70 

in the mutant 

strain lacking σ
38

 

To infer the kinetic parameters of transcription 

initiation by Eσ
70

, we fit the model of transcription to the 

data obtained from a deletion mutant strain lacking σ
38

. 

Given the deletion, we assume that all core enzymes are 

bound by σ
70

, that is P(Eσ
70

)MT=1. As such, the 

distributions of durations of the sequential steps in 

transcription initiation are given by: 

70

70( )
cc

cc

k
t

cc ind
t

k
P t e

ind
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First, we make use of measurements of consecutive 

RNA production intervals under full induction (ind =1) 
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and for partial induction strength (ind = indpartial <1). The 

inducer levels to achieve full and partial induction are to 

be extracted from the induction curve of the promoter for 

varying inducer concentrations. For the case of partial 

induction, for simplicity, we choose the inducer 

concentration corresponding to 50% of the RNA level 

under full induction. 

Next, we fit the model to the data using maximum 

likelihood, in order to infer the values of kcc70, koc70 and 

indpartial. This method has been applied previously to infer 

the rates of closed and open complex formation in 

transcription initiation of σ
70

-dependent promoters [12]-

[14], [26]. 

2) Kinetic rates of transcription by Eσ
38

 in the wild 

type strain 

Here, we make use of measurements of consecutive 

RNA production intervals in individual cells with the 

same inducer concentrations as above (ind=1 and 

ind=indpartial) for the wild type strain, where both σ
70

 and 

σ
38

 are present. In the WT strain, we assume that 

P(Eσ
70

)WT <1 (this assumption holds when cells are in the 

stationary phase [3]). Next, given the values of kcc70, koc70 

and indpartial estimated above, we fit the data of the wild 

type strain to the model using maximum likelihood and, 

finally, estimate the values of kcc38, koc38 and P(Eσ
70

)WT. 

3) Test data 

We tested the estimator’s performance on in silico data 

generated from the model using the software SGNS2 [27], 

which uses the Stochastic Simulation Algorithm (SSA) 

[28] or the delay SSA [29] to simulate the dynamics of 

the model (depending on whether the model contains, or 

not, time delays [16]). For each set of promoter kinetic 

parameters (kcc70, koc70, kcc38, and koc38) we simulate the 

transcription activity in four conditions, differing in the 

value of P(Eσ
70

) (between P(Eσ
70

)WT and 1) and value of 

ind (between indpartial and 1). To achieve 50% of the 

maximum RNA level (under full induction), indpartial is 

set to: 

70 70

1

2 /
partial

cc oc

ind
k k




               

(14) 

In each case, we collect N samples, each of which 

corresponding to a time interval between two consecutive 

RNA productions. Due to the finite sampling frequency 

and limited measurement time, each sample is rounded to 

the nearest multiple of 30 s and samples with values 

greater than 14400 s (4 hours) are discarded. 

For each set of data (4×N samples), we estimate the 

values of both the promoter-specific parameters (kcc70, 

koc70, kcc38, koc38) and the host-specific parameters 

(P(Eσ
70

)WT and indpartial). In search for the parameter set 

that maximizes the likelihood functions, the search range 

for kcc70, koc70, kcc38 and koc38 is set between 1/3000 s
-1

 and 

1/30 s
-1

 and indpartial is set between 0 and 1. Finally, the 

search range for P(Eσ
70

)WT is set between 0.5 and 0.9, 

based on previous reports on the level of σ factors [2], [3] 

and their binding affinity to E [1], [30]. 

4) Assessment of the performance of the estimator 

To assess the estimator’s performance, we investigate 

how accurate the estimator predicts, from the in silico 

data, the values of tcc70, toc70, tcc38, and toc38, which equal 

1/kcc70, 1/koc70, 1/kcc38, and 1/koc38 respectively. To the 

level of error and bias in the prediction of the simulation 

parameters from the simulation data in regards to the 

magnitude of the parameters, we calculate the 

Normalized Mean Squared Error (NMSE) and the 

Normalized Bias (NB) of the estimator, which are given 

by: 

2
( , ) ( , ) /NMSE x MSE x  

        
(15) 

( , ) ( , ) /NB x B x  
            

(16) 

in which MSE(θ, x) and B(θ, x) are respectively the mean 

squared error and the bias of the estimator given the 

sample set x and the parameter being estimated θ. The 

normalization coefficient ||θ|| equals θ for the estimated 

parameter being P(Eσ
70

)WT  and indpartial. If the estimated 

parameter is toc70 or toc70, ||θ||=tcc70+toc70 (i.e. the mean 

transcription interval when P(Eσ
70

)=1). If the estimated 

parameter is toc38 or toc38, ||θ||=tcc38+toc38 (i.e. the mean 

transcription interval when P(Eσ
70

)=0). 

III. RESULTS 

A. Kinetic Rates of Transcription by Eσ
70

 

We assessed the performance of the estimator of the 

kinetic parameters of transcription by Eσ
70

 and the 

induction level ind using simulated data produced by the 

stochastic model. The tested values of kcc70 and koc70 are 

1/tcc70 and 1/toc70 respectively, with tcc70 and toc70 varying 

from 2 minutes to 30 minutes with the increment of 2 

minutes. The range of values of tcc70 and toc70 are in 

agreement with reported values in previous studies using 

the single RNA tagging system [12]-[14]. The evaluation 

results of the estimator are shown in Fig. 1, for N=500. 

From Fig. 1, the inference of tcc70, toc70 using maximum 

likelihood from the data of different induction levels 

achieves high accuracy (NMSE smaller than 0.1) in most 

of the parameter space tested. The normalized biases in 

the estimation of toc70 and tcc70, as shown in Fig. 1B and 

1C, are smaller than 0.1, ensuring that given an infinite 

number of samples, the errors in the estimation of tcc70 

and toc70 are less than 10% of the mean production 

interval measured under full induction (i.e. tcc70+tcc70). 

The error level is significant only when tcc70<<toc70 and 

when tcc70 is greater than 30 minutes. In this regime, tcc70 

is over estimated. toc70 is under estimated. When 

tcc70<<toc70, the changes in the induction level ind should 

not result in significant changes in the dynamics of 

transcription, since step affected (the closed complex 

formation) is much shorter in duration than other step. 

For tcc70 greater than 30 minutes, the transcription 

intervals at partial induction are subject to right censoring 

due to the limited measurement time, which affects 

negatively the accuracy of the inference. 

We also tested the performance of the estimator for 

greater values of N (i.e. 700, 1000). The results show that 
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the estimator is consistent in most of the parameter space 

tested, except in the regime when tcc70<<toc70. When 

tcc30=2 mins and toc70=30 mins, NMSE(tcc70, toc70)~1.50 for 

all N>500, suggesting that these errors in the estimation 

are mostly due to the limitations imposed by the sampling 

frequency and the measurement time. 

 

Figure 1. Estimation of kinetic rates of transcription by Eσ70. (A) 
NMSE with the estimated parameter θ being [tcc70 toc70]. (B)(C) 

Normalized Bias for the estimation of tcc70 and toc70 respectively. 

B. Kinetic Rates of Transcription by Eσ
38

 

With kcc70, koc70, indpartial estimated from the condition 

P(Eσ
70

)=P(Eσ
70

)MT = 1, we evaluate the performance of 

the estimator of tcc38 and toc38 assuming that P(Eσ
70

)= 

P(Eσ
70

)WT =0.75 [3]. Here, we set tcc70=10 min and 

toc70=10 min, following the measured duration of these 

steps in the cases of lac-ara1 and BAD promoters [13], 

[14] in live cells. The ranges of kcc38 and koc38 tested are 

from 2 minutes to 30 minutes, with the increment of 2 

minutes. The estimator’s performance (with N=500) is 

shown in Fig. 2. 

From Fig. 2, it is shown that the performance of the 

estimator on tcc38 and toc38 is not better than that on tcc70 

and toc70. This is expected due to the existing errors in the 

estimated values of tcc70 and toc70. The estimation of tcc38 

and toc38 has NMSE smaller than 0.2 within most of the 

parameter space tested, except in the regime of small 

tcc38<<toc38. From Fig. 2(A) and 2(B), tcc38 is 

overestimated with increasing tcc38 and toc38 is 

overestimated with increasing toc38. However, in most 

cases, the biases in the estimation of tcc38 and toc38 is less 

than 30% except when tcc38 >>toc38 and when tcc38 >>toc38. 

 

Figure 2. Estimation of kinetic rates of transcription by Eσ38. (A) 
NMSE with the estimated parameter θ being [tcc38 toc38]. (B)(C) 

Normalized Bias for the estimation of tcc38 and toc38 respectively. 

Interestingly, we also found that, despite of the 

accurate prediction of kcc38 and koc38, the inferred value of 

P(Eσ
70

) is close-to-uniformly distributed over the search 

change (data not shown). This indicates that the estimator 

can work well without knowing the real value of P(Eσ
70

). 

We also tested the performance of the estimator for 

greater values of N (i.e. 700, 1000). The results show that 

the estimator is consistent throughout most of the 

parameter space tested and thus can be improved with 

increasing sample number. 

IV. IMPLEMENTATION 

In this section we describe a possible, realistic 

implementation of the methods proposed. 

In order to compare the transcription dynamics when 

performed by Eσ
70

 and Eσ
38

, it is required that the target 

promoter can be recognized by either σ factor and that 

kcc70 is on the same order of magnitude as kcc38. Studies of 

the sequence-dependence of promoter’s selectivity for σ 

(A) (A) 

(B) 

(B) 

(C) 

(C) 
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factors [31], [32] show that both σ
70

 and σ
38

 can recognize 

a consensus sequence at the -10 position from the 

transcription starting site and that a promoter’s preference 

for σ
38

 can be enhanced with the degeneration of the 

consensus at the -35 position [8], [31], [32]. Provided this, 

and given that some natural promoters can be transcribed 

by Eσ
70

 and Eσ
38

 [33], [34], it is reasonable to assume 

that it is possible to construct synthetic promoters that can 

be recognized by both σ
38

 and σ
70

, e.g. by scrambling the 

-35 region of a known σ
70

-dependent promoter. We 

propose the use of, e.g., the well-studied lac-ara1 [20] 

promoter as the template promoter given its effective 

regulation mechanism by IPTG and arabinose [14], [20]. 

To degenerate the consensus sequence at -35 region, 

while maintaining the promoter strength within 

reasonable levels, we propose the strategy described in 

[35], [36], for adjusting the “interaction energy” of the 

consensus boxes at position -35 and -10 with RNA 

polymerases. 

Given this, the E. coli strains employed could be 

DH5α-PRO (generously provided by I. Golding, 

University of Illinois, USA) and its deletion mutant 

lacking the gene encoding σ
38

. The mutant strain is 

created by following the protocol in [25]. DH5α-PRO is a 

genuine producer of araC and lacR [20], lac-ara1’s 

repressors, which allows tight and homogeneous 

regulation of lac-ara-1 by IPTG and arabinose [14]. 

Finally, the MS2d-GFP RNA tagging system [11] can 

be used to monitor the dynamics of transcript production 

(diagram in Fig. 3(A)). The tagging system requires a 

high copy plasmid carrying PLtetO-1-MS2d-GFP and a 

single-copy target plasmid coding for an RNA sequence 

with 96 target binding sites (96bs) for MS2d-GFP, 

controlled by the promoter of interest. Upon transcribed, 

the binding sites are bound by MS2d-GFP proteins and 

the target RNA appears on the confocal microscope as a 

bright spot. 

For all experiments cells should be in the stationary 

growth phase, so that σ
38

 is expressed and occupies a 

significant amount of Eσ [4], [5], [37], allowing the 

observation of transcription activity with a mixture of 

Eσ
70

 and Eσ
38

 (P(Eσ
70

)WT <1). In the mutant strain lacking 

σ
38

, most E will be bound by σ
70

 [4], [5], [37] 

(P(Eσ
70

)MT=1). The strategy to induce the stationary 

growth is described in [38]. The induction level of the 

promoter (ind) is varied by changing IPTG concentrations 

in the media. The IPTG concentrations to achieve full and 

partial induction can be determined from the induction 

curve obtained from qPCR measurements. 

The measurement protocol and data analysis to be 

followed is described in [14], [15], [39]. Microscopy 

measurements are typically 4 hour long, with cells being 

imaged every 30s. To maintain, during microscopy, 

stable growth conditions and induction of the promoters 

controlling the production of MS2d-GFP and of the RNA 

target for MS2d-GFP, a peristaltic pump will be used to 

introduce a constant flow of phase-inducing media and 

inducers. An example of the results of applying these 

methods is shown in Fig. 3(B) and 3(C). 

 

 

Figure 3. (A) Diagram of the σ factors - RNA polymerase (E) and RNA polymerase - target promoter (Pr) interactions, and the RNA tagging system 
by MS2d-GFP. (B) Unprocessed frames and segmented cells and RNA spots. (C) Examples of time series of scaled spot intensity levels from 

one cell (circles) and the corresponding estimated RNA numbers (solid lines), from which the transcription intervals (Δt) are extracted. 

V. CONCLUSIONS 

In this work, we proposed a method that, from the in 

vivo dynamics of RNA production at the single event 

level, allows estimating the kinetic rates of the closed 

complex and the open complex formation when 

performed by Eσ
70

 and Eσ
38

, provided that the promoter 

of interest can be transcribed by Eσ carrying either σ
70

 or 

σ
38

. 

From the estimator’s performance on the simulation 

data, it is shown that, given a realistic number of 

measurements, this method estimates effectively the 

kinetics rates of closed and open complex formation by 

Eσ
70

 and Eσ
38

, provided that these rates are on the same 

order of magnitude. Also described here is the necessary 

measurement procedures for acquiring the data needed to 

apply this new methodology. 

Relevantly, the collection of data on gene expression 

should be performed in well-controlled conditions. That 

is, one should verify that when switching between strains 

and inducer concentrations, the total levels of RNA 

polymerases, repressors (either active or inactive) and 

other σ factors are not significantly affected. 

While it is known that the binding affinity of Eσ to the 

promoter region depends on the σ factor [32] 

(A) (B) 

(C) 
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(consequently, the duration for the closed complex 

formation is σ factor dependent), it remains unknown 

whether the kinetics of the open complex formation is, or 

not, σ factor dependent. The method proposed here will 

allow addressing this question. Also, provided such a 

dependency, the method will allow us to determine 

whether the degree of influence of the choice of σ factor 

is promoter sequence-dependent. 
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